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Abstract 

We consider the energy of a randomly charged polymer. We assume that only 
charges on the same site interact pairwise. We study the lower tails of the energy, 
when averaged over both randomness, in dimension three or more. As a corollary, we 
obtain the correct temperature-scale for the Gibbs measure. 
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1 Introduction 

In this paper, we study the lower tails for the energy of a polymer. This complements a 
companion paper [1] dealing with the upper tails. Lower and upper tails are different stories, 
and the two papers are independent from each other, though they use the same model, and 
the same notations. Thus, our polymer is a linear chain of n monomers each carrying a 
random charge, and sitting sequentially on the positions of a sjTiimetric random walk. 

(i) The symmetric random walk on is denoted {S{n),n G N}. When 5(0) = z & 7/, 
its law is denoted P^. 

(ii) The random field of charges is denoted {?7(n),n G N}. The charges are centered 
i.i.d. with a finite forth moment. We denote by 77 a generic charge variable, and the 
charges' law is denoted by Q. 

The monomers interact pairwise only when they occupy the same site on the lattice. The 
interaction produces an energy 

^-=E E r,{^n{3)^{S{^ = S{3) = z}. (1.1) 



Our toy-model comes from physics, where it is used to model proteins or DNA folding. 
However, physicists' usual setting differs from ours by three main features, (i) Their polymer 
is usually quenched: a typical realization of the charges is fixed, and the average is over the 
walk, (ii) A short-range repulsion is included by considering random walks such as the 
self-avoiding walk or the directed walk, (iii) The averages are performed with respect to 
the the so-called Gibbs measure: a probability measure obtained from Pq by weighting 
it with exp{f3Hn), with real parameter f3. When (3 is positive, the Gibbs measure favors 
configuration with large energy; in other words, alike charges attract each other: this models 
hydrophobic interactions, where the effect of avoiding the water solvent is mimicked by an 
attraction among hydrophobic monomers. When f3 is negative, alike charges repel: this 
models Coulomb potential, and describes also the effective repulsion between identical bases 
of RNA. The issue is whether there is a critical value f^dn), such that as (3 crosses Pd^), a 
phase transition occurs. For instance, Garel and Orland [H] observed a phase transition as 
(3 crosses a /3c(n) ~ 1/n, from a collapsed shape to a random-walk like shape. Kantor and 
Kardar [15] discussed the quenched model for the case P < 0, that is when alike charges repel. 
Some heuristics (dimensional analysis on the continuum version) suggests that the (upper) 
critical dimension is 2: for d > 3, the polymer looks like a simple random walk, whereas 
when (i < 2, its average end-to-end distance is ra^ with u = Let us also mention studies 
of Derrida, Griffiths and Higgs [11] and Derrida and Higgs [12]: both study the quenched 
Gibbs measure exp(— /5-fr„)(iPo, with > 0, for a one dimensional directed random walk Pq, 
and obtain evidence for a phase transition (a so-called weak freezing transition). 

Our interest stems from recent mathematical works of Chen [S], and Chen and Khosh- 
nevisan [TD], dealing with central limit theorems for Chen [5] establishes also an annealed 
moderate deviation principle, under the additional assumption that £^[exp(Ar7^)] < oo, for 
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some A > 0. More precisely, with the annealed law denoted P, ci > 3, na <^ v^^n 

(for two positive sequences {a„,6„,n G N}, we say that a„ -C &„, when limsup < 1), 

X.Chen has obtained 



Our study complements the work [8]. We study the annealed probability that {— iJ„ > ^n} 
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for in > n^. Also, we consider the simplest aperiodic walk: the walk jumps to a nearest 
neighbor site or stays still with equal probability. 

As in [Ij, we rewrite the energy into a convenient form. For z G Z"', and n G N, we call 
ln{z) the local times, and qn{z) the local charges. That is 




where 




(1.2) 



n— 1 n—1 



ln{z) = Y,^{S{k) = z}, and qn{z) = Y,v{k) t{S{k) = z} . 



k=0 k=0 



We write Hn = J2z ^n{z) + Yn{z) with 



n-l 



X^{z) = qliz) - Uz), and Y^{z) = Uz) - J^vik? 1 {S{k) = z} . 
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Now, 

n-l 

r„ = 5^ = 5^ (1 - r/2(z)) , (1.3) 

is a sum of centered independent random variables, and its large deviation asymptotic are 
well known (see below Remark [1.4p . Thus, we focus on X„ = Xn{z). 

Before presenting our lower tails estimates, we provide some heuristics. 
Heuristics. Since we are interested in annealed estimates, note that 

Xn'= X^:=J2Uz)iUUz))-l), where = , (1-4) 

where {rjz{i), z e Z'^, z G N} is an i.i.d. sequence with rjzii) ~ we still denote its law 

with Q. Let us fix two lengths T„ and r„, and an energy Xn, and estimate the cost of folding 
T„-monomers in a ball of radius r„, say B{rn), in order to realize 

J2 Uz) (1 - Czilniz))) > Xn. 
z€B(r„) 

Note that necessarily T„ > Xn- Assume also that T„ ^ |i?(r„)|, so that we expect many 
monomers to pile up on each site of -B(r„), and we further assume that the filling is uniform, 
that is 

V.Gi?(r.), a-)-^^- 

Then, the optimal scenario comes up as we equate the cost of the two constrains we are 
imposing, (i) We localize the walk a time T„ in a ball -B(r„). This costs of the order of 
exp(— fi:T„|i?(r„)|~^/'^). (ii) We require the charges to realize 

E i-aa^))>^^^4^V (1.5) 

Since, when we freeze the walk, the variables {1 — C^(/„(z)),z G i?(r„)} are independent, 
centered and with finite variance (if E[r]'^] < cxd), the cost of (11. 5p is 

P f 5: 1 - C(U.)) > ~ exp (-^^) . (1.6) 

As we equate the two costs, we find 

Thus, the heuristic discussion suggests that for some constant c > 



4 d-4 



P{Xn < -Xn) ~ exp -CX^+'Tn'^' . (1. 



Note that the exponent of T„ in (11. 8p suggests that d = 3 and d > 4 have a distinct 
phenomenology. When d = 3, the cheapest cost is reached when T„ = n: the polymer is 
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entirely folded in a ball of volume (%) s . Also, the sum of local charges, g^, over this domain 
performs a moderate deviations. 

When d > A, the cheapest cost requires the smallest T„, which is x„ < n. Thus, the 

d 

polymer is partially folded, and (11. 8p implies that the volume of the ball is Xn^^ . Also, on 
each site the local charge performs a typical fluctuation. 

Our heuristics set the stage for the following mathematical statements. 

Theorem 1.1 Assume d = 3, and E[ri'^] < oo. There are constants ao,cf such that for 
ao<^n< 

exp (-c^eln^) < P(X„ < -^nu^/"^) < exp (-c+^l^^) • (1-9) 

Moreover, we have the following description of the dominant strategy. For a constant a large 
enough, 

6 

2 



lim p{\{zeZ'':^< ln{z) < ail}\ > ^ 



a 



Xn < -^n^^ = 1. (1.10) 



In dimension 4 and more, there are two regimes. In the following regime, the energy has the 
same behavior as in the moderate deviation regime, where the polymer is unfolded. 

Theorem 1.2 Assume d > 4, and E[ri'^] < oo. For any e positive, choose any sequence 
with 

e„G [nV6,nW2)/(d+4)-e]_ 
There are Ci, C2 > 0, such that for n large enough 

exp {-cC) <P{Xn< -e«v^) < exp (-ca^^) . (1.11) 
Moreover, for a constant A large enough 

lim P V X^z) < -Cnv^ = 0. (1.12) 

\z: l„(z)>A I 



The second regime corresponds to a partially folded polymer as alluded to in the heuristic 
discussion. 

Theorem 1.3 Assume d > A, and nd-+^ < < with ^ < 1. For a constant , and for 
any e > 0, 

exp (-c-^i^\ <P{Xn< < exp f-^^'n-^] . (1.13) 
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Remark 1.4 The lower tail behavior of Hn depends on a competition between X„ and Yn 
whose upper tail behavior is given in Remark \2.^ Let us mention that if a > -j^, then the 
lower tails of Hn are identical to that of Xn- When d > A, and a < j^, then Yn dictates 
the behavior of Hn: the correct speed for the lower tails of Hn is min(^^/'ri, ^r/'^)- In d = 3, 
the correct speed for the lower tails of Hn is mm{^n^n~^/^ , ^n^^)- Thus, as soon as a>2, 
the lower tails of Hn are identical to that of Xn- 

Remark 1.5 The weakness in the upper bound in 1^1. 13\) (the artifact n~'^ in the exponent) 
reflects a deep technical gap in estimating the distribution of the size of level sets of the local 
times of the random walk. We state it as a conjecture. 

Conjecture 1.6 Assume d > 3, and let {yn,n E N} be a sequence going to infinity, with 
^ Then, there is > (independent on n) such that 

Po (I {z : ln{z) >yn}\> yT) < eM-f^dy'J')- (1-14) 

One way to understand the difficulty of (TJ^ is to see that the number of possible regions 
of volume yn'^ inside [—n,nY exceeds explnyn"^), for any k > 0. 

We give now an elementary application of Theorem 11.11 to the study of annealed Gibbs 
measure in dimension three. For simplicity, we further assume that rj G {—1, 1}, so that 
Hn = Xn- The annealed Gibbs measure is the following probability measure: for /3 > 0, we 

dp-^ = ^J^PtEI^ where Z-{P) = E [exp{-pHn)] - (1.15) 

The normalizing constant Z^{f3) is called partition function. The measure P~p favors config- 
urations with large values of —Hn, so that it forces local charges to neutralize. When dealing 
with the Gibbs measure, the issue is to find the correct temperature-scaling for which a phase- 
transition occurs. Indeed, the interesting biological phenomenon which motivates polymer 
modelling is folding, that is the process of going from a (transient) random-walk shape to 
a globular-looking shape, under the tuning of temperature, or salt-concentration. Thus, 
we expect a critical parameter /3c(n) (which might scale with the polymer size), such that 
for P > I3c{n), typical polymers are globular-like looking, whereas when (3 < Pc{n), typical 
polymers look like typical random walk trajectories. 

Biskup and Konig [6] (see also Buffet and Pule [7]) obtain results and some heuristics 
on the annealed Gibbs measure (i.e. averaged over both randomness). They use that when 
freezing the random walk, and averaging over charges 

Eqie-^^"] = c„exp(- ^ V{lniz))) where for x large V{x) ~ ^ log(l + 2/3x), (1.16) 

where /3 > and c„ is a constant. When we assume that Q{ri = ±1) = i, then c„ = exp(/3n), 
and the study [6] suggests that when performing a further random walk average 

e-^"Z^(/5) = E [e-^(H„+n^ ^ (^-(3xn^ log(n)3T2 (i + o(i))j . (1.17) 
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and X > is independent of /?. Also, the proof of [6] suggests that, under the annealed 
measure, the walk is localized a time n into a ball of volume {n/ log(n))*+2 . 

Our results focus on determining the correct temperature-scale, and are as follows. 

Proposition 1.7 Assume that d = 3, and Qij] = ±1) = |. The correct temperature- scaling 
is More precisely, there are positive constants Pi < P2, and the following holds. 

When j3 > (32 (the low temperature regime), then for some positive constants a, Ci 



exp(/?n3/^) > Z- (^-^ > exp(ci/5n3/5), (1.I8) 



and, 



.3/5 



lim P- ^ \\{zeZ'^ : — <lniz) <an^}\>^] =1. (1.19) 
n^oo "';;275 \ a I 

When (3 < j3i (the high temperature regime), for Cd defined in U.!^) . 

Moreover, there is a positive constant b, such that 

lim P- , {{z e : ln{z) > hn^'^} ^ 0) = 0. (1.21) 

Remark 1.8 We stress that U.21\) is not the 'correct' result, since we expect that in the 
high temperature regime, the polymer behaves like a random walk and we conjecture rather 
that for large b 

lim P- ^ ({z e Z'^ : l^{z) > b\og{n)} 7^ 0) = 0. (1.22) 

We include U.21\) to show the difference with U.19\) which occurs in the low temperature 
regime. 

The paper is organized as follows. In Section [21 we recall the large deviations for the 
g-norm of the local times. We have then divided Theorems 11.11 [L2l and ll.3[ into their upper 
bounds parts, and their lower bounds parts. Upper bounds are treated in Section [31 while 
lower bounds are treated in Section[ll Finally, Section[n]contains the proof of Proposition 1 1.71 



2 Preliminaries 

2.1 Sums of Independent variables 

A. Nagaev has considered in [1^ a sequence {Yn,n G N} of independent centered i.i.d 
satisfying Ha with < a < 1, and has obtained the following upper bound (see also 
inequality (2.32) of S.Nagaev [H]). 
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Proposition 2.1 Assume E[Yi\ = and < 1. There is a constant Cy, such that 

for any integer n and any positive t 

P (Fi + ■ ■ ■ + F„ > t) < Cy (^P > + exp (-^) ) ■ (2.1) 

Remark 2.2 Note that if r] E Ha for 1 < a < 2, then r]^ en<i. Thus, for % = ri{if - I, 
Proposition \2.1\ yields 

P - 1) ^ ^ (^"^P +exp (^J^^y^ . (2.2) 

Finally, we specialize to our setting a general lower bound of S.Nagaev (see Theorem 1 
of [IS]). Let {A„, n e N} a sequence of subsets of if, and for each n, let {Yz^\ z G A„} be 
independent and centered random variables. Let 

= E ^ [(^i"^)'] ' Cl=Y,E[\Y^-)\']. 

zeAn zeA,i 

Proposition 2.3 Consider a sequence {tn, n G N} such that for a small enough > 
and n large enough 
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l<tn< min(^,a„(max V^[(l^i"^)2])-' ), (2.3) 



then, there is a positive constant n such that 



>exp(-|(l + e^^«:)). (2.4) 



2.2 On self-intersection local times 

In this section, we recall and establish useful estimates for functionals of the local times. 
First, for any z G Z*^, we estimate the variance of q^iz) — ln{z) 

- Uz) = ( ^^^)f - ^n{z) = {rfAi) - 1) + 2 J] V-Ai)riz{3\ (2.5) 

i<ln(z) i<ln{z) '^<i<3<ln{z) 

It is immediate to obtain, for xi = E[ri'^] + 1 

2 {lliz) - Uz)) < Eq [{qliz) - Uz)r] = Uz) {EqIv'] - l) + 2 {ll{z) - /„,(.)) < Xilli^). 

(2.6) 

Second, we summarize the asymptotic behavior of the g-norm of local times (for any real 
g>l) 

¥nn=Y^niz). (2.7) 



In dimension three and more, Becker and Konig |5] have shown that there are positive 
constants, say K{q,d), such that almost surely 

11/ \\<i 

\im = K{q,d). (2.8) 

n^oo n 

The large deviations, and central limit theorem for \\ln\\q are tackled in [2]: we establish a 
shape transition in the walk's strategy to realize the deviations {|Kn||q — -E'[||Z„||^] > n^} with 
^ > 0. This transition occurs at a critical value qdd) = suggesting the following picture. 

• In the super- critical regime q > qdd), the walk performs a short-time clumping on 
finitely many sites. 

• In the sub-critical regime q < qdd), the walk is localized during the whole time-period 

1 1 
in a ball of volume n/^i-'^ where it visits each site of the order of ,^9-1 -times. 

We first recall Theorem 1.2 of [2] which deals with the super- critical regime. 

Lemma 2.4 Assume d > 3 and q > qdd). There are constants C,c{q,d) (depending only 
on d and q), such that for > 1; ond any integer n 

Po(||/„||^-Eo[|Kn|ia >an) <Cexp(-c(g,rf)(e„n)i). (2.9) 

Also, Lemma 1.4 of [2] estimates the cost of the contribution of low level sets to an excess 
g-norm. Thus, define for x, ?/ > 

X>„(x, y) ■= {z: X < ln{z) < y} . 



Lemma 2.5 Assume d > 3 and q > qdd)- For 7 > 1, and x > and e > 0, there is a 
constant C such that for any sequence yn 

Fo E ll{z)>xnA<Ce^A-^^^^A. (2.10) 

\^6^„{i,y„) / \ y-^ J 

When 7 = 1, one needs to take x > f^i^, d) in l\2.10\) . 

Remark 2.6 Actually Lemma I.4 of is only stated for > 1. An inspection of its proof, 
shows that it covers also the case 7 = 1 provided that x > K,{q,d). In ^2. 1(A) . we are unable 
to get rid of the e. This is a delicate issue which is also responsible for a gap in the exponent 
of the speed in Region III of J^] (inequality (8)). 

The next result deals with sub-critical regime. It follows from Theorem 1.1 and Remark 1.3 
of 12]. 
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Lemma 2.7 Assume d > 3 and 1 < q < qdd). There are constants C,c{q,d) (depending 
only on d and q), such that for > 1, and any integer n 

Po (||/„||^ - Eo [\\ln\\f\ > ^nn) < Cexp (^-c{q,d)i'^'n''^^ . (2.11) 

Remark 2.8 For d = 3, Ii2.11\) is mistakenly reported in f^. Fortunately, this is of no 
consequence since (with the notations of 13] and in the so-called Region II), we need there 

lw + b)-^-e>P-b^5J^>(3 + l + 3e^P>p^. 
3 3 a + 1 A — a 

This latter condition defines Region II. 

We now state a corollary of Lemmas 12.51 and \2.1\ whose immediate proof is omitted. 

2 

Corollary 2.9 Assume d> 3 and > ns . For e > small enough, and n large enough 

Po [\\lnh > inn-') < exp (^~it~'n^ . (2.12) 

3 Upper Bounds. 

In this section, we prove the upper bounds in Theorems 1 1 . H [L2l and ll.3[ When dealing with 
large deviations, a natural approach is to perform a Chebychev's exponential inequality. If 
we expect P(X„ < — x„) ~ exp(— (^„), then for A > 0, and ?/„ = Xn/Cn 



P((/„,l-C.(/n)) >x„) <e-^^" E 



exp ( A ( ^, 1 - Cih 



(3.1) 



Now, to get rid of the dependence between field and local time, we first perform an integration 
over the charges. We define for x G M"*" and e N 

f{x,n) = log Eq [exp (x(l - Co(ri)))] . (3.2) 

Since 1 — Co{n) < 1, and since e" < 1 + m + when u < 1, we have, for the constant xi 
which appears in (12. 6p . 

f(x,n) < 2|,,>i}X+ ]I|,,<i} logEg [l+x(l-Co(^))+a;'(l-Co(n))'] 

< lL{:r>i}X + ^{x<i} log (l + x\ar(Co(^))) (3.3) 
<]I{^>i}X+ ]I{^<i}X^supvar(Co(/i;)) < l{x>i}X + l{x<i}XiX^- 

k 



Remark 3.1 Note first that liS. 3\) implies that r{x,n) < max(l,xi)x^. Secondly, the de- 
pendence ofT{x,n) on the local times has vanished in these two regimes. 
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Using (13. ip and (13.21) . our first step is 

P((/,,1-C.(U) >x„) <e-^^" Eo 



exp ( 5^ f(^, /„(.)) 



Vn 



(3.4) 



We introduce some notations. For < x < ?/, and x > 



Vn{x, y) = {zeZ'': x< Uz) < y} , and i3(x, y;x) = { Yl ^ni^^ (^.5) 

Also, we add a handy notations: for a subset A C Z"^, X„(A) = XlzeA^nl-^)- 

To treat separately the contribution of the two regimes of F, we divide the visited sites of 
the walk into Vn{l,yn), and Vn{yn,n). For = = x„/2, and < A < 1, we abbreviate 
B{l,yn] XVuXn) by B, and we have 

P{-Xn>Xn) <Po {UV^iVn, n))>x'J + P{- X„(P„(1, y„)) > O 

<Po (/n(P„(y„, n)) > O + Po (i3) + P( - X„(D„(1, y„)) > xl S^) 
<Po (Z„(P„(i/„,n)) ><)+Po (B) 



X' 



+ exp ( -A^ ) Eo 

Hn . 



'Dn{l,yn) 




(3.6) 



,A 



<Po (/„(P„(y„, n)) > x'^) + Po (S) + exp [~Cn(-^ - A\ix) J • 

Note that the occurrence of an /2-norm of the local time, in B{l,yn', x), is not arbitrary but 
is a consequence of the asymptotic of the log-Laplace in (13. 3p . 

We discuss now the respective contributions of the top level term {IniJ^niyn.n)) > x^}, 
and of the bottom level term B{l,yn]XynXn)- Note that the threshold y„ defining the top 
level term is determined by the log-Laplace, and may not be the value of the level set having 
a dominant contribution to our large deviation. 



Top level term. First, note that for any q > I, 



{InCDniyn^n)) > x'J C | || 'S^V„(y„,n)ln\\l > \xnyl ^| • 



(3.7) 



The event on the right hand side of (13.71) has a small probability if x„?/^ ^ > fi;(g, d)n, where 
K{q,d) is defined in (12. 8p . 

We distinguish q < qdd) and q > qdd) with qdd) = d/{d — 2) (see Section [2^2]) . (i) When 
q < qc{d), the so-called suhcritical regime, Lemma [2.71 yields 



P 



^v.,y.,nMl > \^nylA < exp (-c(g,d) {^yt'Y''-'' n^^^W 



(3.8) 



1 

Now, since x„ < n, the map q 1—^ 2" (9-1) increases on [1, qc{d)[. (ii) When q > qdd), it is easy 
to check that the upper bound given by Lemma [2751 increases on ]qc{d), oo[, as a function 
of q. Thus, the best estimates we can obtain on {ln{1^n{,yn, n)) > x'^} is with a bound as in 
(13. 7p right at qdd), for which we do not have sharp estimates. 
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Bottom level term. When 2 < qdd) (that is in = 3), we expect B{l,yn', XUnXn) to be 
of order (H/nlli ^ XUnXn}, and by Lemma [2171 we have in = 3, for x^nVn > ^(2, d)n, that 

P{Bil,yn;XynXn)) < P {\\ln\\l > XVnXn) < eXp {-c{2, 3) {xynXnf'n-'^^) . (3.9) 

In this case, the cost of the bottom level set dominates the top level sets, and it is therefore 
useless to consider g > 2 in (13. Sp . when d = 3. When qdd) < 2 (that is when d > 4), and 
XuVn/n oo, we can use Lemma [2.51 even though this is not an optimal result. 

It is clear from this discussion that the behavior of the lower tail is distinct in c? = 3 and 
in d > 4. This leads to different strategies, and different exponents. We discuss separately 
the case d = 3 and the case d > 4. 

3.1 Dimension 3 

We first make explicit the notations of (13. ip 

2 — 1 X — 1 

Xn = ^nn^, Cn = inn^, and yn = -r^ = ^nns. (3.10) 

where ^„ can vary in [ao,r;,i], for a constant ao to be specified later. Our first result is the 
following rough upper bound. 

Lemma 3.2 Assume d = 3. There are positive constants aQ,c^, such that for ^ [c^O;'"'^] 

P{-Xn > a^'/') < 3 exp (-c+a^^) ■ (3.11) 
Note that in Section 14. 2[ we establish a similar lower bound. 

Proof of Lemma 13.21 Recall that (13.71) . for q = 2, requires that XnVn > 2k(2, 3)n, which 
is equivalent to ^„ > ao := (2^(2,3))^/^. Recall that (13.90 requires that xXnUn > k(2,3)?t,, 
which is equivalent to x^n^^ > /«(2,3), which in turn requires that x > 1/2- Combining 
inequalities (13. 6p . (13. 7p with q = 2, and (13. 9p . we obtain for < A < 1 

P(-X„ > en^'/') < exp (^-^^Cn) + exp (-c(2, 3)x'/'Cn) + exp (^-(^ - \\^x)Cn^ ■ 

(3.12) 

We choose x = 1/4, and A = min(l/xi, 1) in (13. 9p to obtain the desired result. 



3.1.1 Upper bound in Theorem ll.lt x„ = ^nn^^^ < n 

6 

We show in this section that the dominant level set of the local times is of order much 
smaller than ?/„ when x„ is much smaller than n. We actually consider x„ < Oin with ai 
to be chosen later small. For a large constant a > 0, to be chosen later, we decompose 
{z : ln{z) > 0} into Pi U ■ • • U ©4 with 

I?i = P„(l,-a), V2 = Vr,{-d,ad), V; = V^{aa,-), and P4 = 2^n(-, ri). (3.13) 
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We then write 

(3.14) 

We now show that the contribution of X>2 is the dominant one. 
a) Contribution ofVi. 

We use Chebychev's inequahty with A > 0, 



(3.15) 



~ 6/5 

Now, to justify the expansion of T at 0, we need A^n < ai/n which is equivalent to A^„ < 
an^^^. Assume that this latter fact holds. We have by (13. 3p 



P (-X„(DO > l^nu'A < exp (-^Cn + XiA^ ^) 
It will be convenient to define X2 = niax(xi, |). We now use that /„(X'i) < n, so that 

^ M < ^/„(D0 < ^ = ^ 



(3.16) 



Vn 0,yn 



(3.17) 



We choose A = 0/(8x2) < an^^^/^n , and use flXTTjl in fIXTB]) 



P [ -X„(I?i) > -^^2/3 ) < exp 



'X2 



(3.18) 



b) Contribution ofV^. 

For < A < a, and x to be chosen later, we have 

P (^-X^iVs) > l^nn'^'^ <P {Biaej', Vn, XXnVn)) + e-^^"Eo 



1b(,)c exp xiA^ ^ 



(3.19) 



Choose 2 < q < qdS) = 3, and by Lemma 1X71 

P {B{aej\yn, XXuVn)) <P {WlnWl > {aej^-^xx^yn) = P {\\ln\\l > a'^-^J'^'-'^n) 

<exp (^-c(g,3) {c^-'xd^'''^]'^ n^^"^ 

<exp (-c{q,3) {a'''\)^ Cn] 



(3.20) 
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Now, collecting fl3.19p and fl3.20p . we choose x = ^''^ and for > (8x1) ^ we have that 
the optimal A in fl3.19p satisfies A < a, and 



P (^-Xn{Vs) > l^nu'^'^ <exp (-c(g,3) (a^-^^) ^t-^' (n) + exp 

< exp (^-c{q, 3)a 3(9-1) („j + exp (^"^^ 



(3.21) 



c) Contribution ofD^. 

We proceed as in (13 .Tp and (13.80 . 



P (^-X„(P4) > ^^^2/=^^ <P [inm > \Cnn'^''^ <P(^\ 



\1 > If f^)9-1^2/3 



^-p|-c(,,3)(^(^H^'^-\V3 



(3.22) 



Now, for A > 0, and 2 < g < 3, 

NCnl/r')^ ^^^'"^^ >^d^'^'^' ^ en(a^'/')^ <^'/'. (3.23) 



Our assumption is that ^„ < ai^^/^, and this implies that 



1..2/3^ / „.„o^ Cn ^ _2(g-2) 



P (^-X„(P4) > ^a^'/'J < exp (^-c(g, 3)^^J , with 7 = > 0- (3-24) 

d) Contribution ofT>2. 

We recall the rough lower bound P(— X„ > .^„ni) > exp (—03^^^), and express (I3.14p as 

P(-X„ > inu^) < ^p(^-Xn{Vi) > \inni^ + p (^-Xn > e„ni, -X„(p2) > \inn^^ . 

(3.25) 

When a is large enough in (I3.18P and (I3.2ip . and ai small enough in (13.240 . the terms with 
Vi and D3 are negligible. We then write 

{-x„(p,) > c > -^|u{e(i -«u.))) > m < ^ 

(3.26) 

Now, for dealing with the last event in (13.260 . note that 



2 



E (1 - Ulnm > — IT,, l^^^l < C ^ (1 - G(/n(.))) > 4 



(3.27) 
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Now, we fix the randomness of tlie walk, and use tliat 1 — Cz ^ 1; ^q[^ ~ Cz 
Eq[{1 — C,zY] < xi to obtain tliat (recall that Cn = C,n^n^^^) 



< exp( 



4 I ~ 4 
We put together fl3.25p . (13.261) and (13.281) to obtain for a large enough 



n 



lim P \V2\ > 



and 



(3.28) 



(3.29) 



3.1.2 Upper bound in Theorem ll.lt x„ = with 1 > ^ > Oi. 

Note that 

^n = ^n'/\ Cn = e"n''\ and yn = e"n"\ 

Note that = iVn < Un- For a large constant 6 > 0, to be chosen later, we decompose 
{z : ln{z) > 0} into Pi U ■ • • U ©3 with 

Di = I?„(l, ^dn^/S), V2 = Vn{Uln^/\b^^n^/'), and = ^^n(%n,n). (3.30) 


We then write 

P(-X„ >in)<J2P {-Xn{V,) > ^^n^ + P (^-X„(P2) > l^n, -X^ > ^n^ , (3.31) 

and we show that the contribution of V2 is the dominant one. 

The treatment of Vi is similar to the previous case a). The choice A = b/{8x2) requires 
C < 8x2, which holds since ^ < 1 < 8x2- 
Then, for D3, we write 



2/3 

<exp I -c(2,3) ( - ) Cn 1 . 



(3.32) 



By taking b large enough, and proceeding as in the previous case d), we reach that for ,^ < 1 

f4/5^3/5 

lim P ( \V2\ > - — ^ X„ < ~Cn ) = 1. (3.33) 



3.2 Dimension 4 or more. 

We choose here x„,?/„ and Cn as follows. 



Xn = ^nVn, Cn = ^l, and yn = 

Sn 



(3.34) 



We first deal with the case aon^^^ < ^ n"''' % with 7^ = (d/2) / {d + A), and any e positive. 
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3.2.1 Proof of the Upper bound in (II. lip . 

Our starting point is the inequality fl3.6p with a;„, ?/„, Cn as in (13 .340 . We deal with each term 
on the right hand side of (I3.6p . 

First, choose x > '^(2,'i), and Lemma 12751 gives 

/ \ f n^/qc{d)-e \ 

P{B{1, XXuVn)) = Po ^ni^^ > < exp - • (3.35) 

\zeV„{l,yn) / \ Vn J 

Second, n^/i'^'y'^)'^ > yl^^'^"^^^ ^^^^ is equivalent to asking ^n^'^^'^ < n^/'^~'^, which is exactly the 
condition which defines this regime. 

Now, we deal with the event {/„(!)„(?/„, n)) > x„/2}. The proof of Proposition 3.3 of [1] 
yields 

P {UVniVn, n)) > xj2) < exp [-xH'^^^'^y^') , (3.36) 
provided that for some fixed a and n large 



1+: 



> log"(n)x^/'^. (3.37) 

Now both Xn^^^^'^Vn^'^ > H and condition fl337p follow from log^™ < (rf/2-e)/(d + 4) log(n). 
Thus, for any e > 0, there is e' > such that 

P mVniVn, n)) > Xn/2) < exp {-n^'C) ■ (3-38) 

A bound of the type P(— X„ > x„) < exp(— c^^) now follows from (13.350 . and (13.360 after 
we choose A small enough in the last term of the right hand side of (13.60 . 

3.2.2 Proof of ( irT2i ) 

We fix A large constant, and take the subdivision {6i,...,6jvf} of [A,?/n[ with bi = A, 
= 2bi, for i = 1, . . . , M — 1, with M of order log(n). We will choose q slightly larger 
than 2, to be in the super-critical regime (when d > A), and we define 

g, = !^\v,ik,k^,)\<^Y (3.39) 

Finally, for q > 2, choose pi = p2~**^''~^'*/^ where p is such that XljPj ~ Now, 



+ E^( E ^(i-cM>^.c;. 

First, we deal with P{UiQ'^) in the right hand side of (13.400 . Note that 



(3.40) 



Ui^rc <il| ^v.iA,yM\l>^^y (3-41) 
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We choose Ci = 2'^^^K{q, d), and use Lemma [231 to obtain, for any e' > 0, 

^m)<exp(^--^^j. (3.42) 

We neglect P(U^f) if n^M'^)-'' > y^^'^'^'^'^H. Since log(en) < {d/2 - t)/{d + 4) log(n), and 
we are interested in q close to 2, we only need to check that taking q = 2, for any e > 0, we 
can find e' > such that 

1 A_^,>^2-(4^-l)V=^Wi-e'>i-^. (3.43) 



qdd) 2 \qcid) J - \ \cid) 'J \ d + A J 2 "2 d' 

Since f l3.43p holds, we can find 6 > small enough, and g = 2 + 5 so that P(U^f) is negligible. 

We fix a realization of the random walk and integrate first with respect to charges. For 
the charges, we use the gaussian bounds of Remark 13.11 which states that r(x,n) < Xi^^) 
where xi = max(l,xi). In other words, on the event Qi = < Ciw/fo^^]^}, we 

use 

(M 

i=i \zeVn{hA+i) ^ ^ 
Now, we consider a fixed i E {1, . . . , M}, and on Qi, we have for any > 

Ql E |^(l-C.(/nW))>^xJ <exp[-^ + xi|I^n(&.&m)l^') 



zeX'„(6i,6i+i) 



<exp|-— + x.c,^() 



(3.45) 



Note that if < piXn/bi-^i, then the left hand side of (13.451) vanishes. Therefore, 

we assume that \Vn{bi, 6j+i)| > PiXn/h+i, so that the 6 which minimizes the right hand side 
of (I3.45P is lower than 1, and we obtain 



With our choice of Pi,bi, we have that pfbj_^i > p^A'^ ^. Combining (13.441) and (I3.46p . we 
have 



P{J2 - UUz)) > xj2) < Mexp . (3.47) 



The bound (^J2> follows from (Km and (Km . 
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3.2.3 Dimension d > 4, and g| < /? < 1. 



This corresponds to Region III of [1]. We set x„ = Cn = ^n^^, and ?/„ = Cn/(n- Instead 
of fl3.6l) . we use 



+ Po (ll ^V„il,yi+^M\l > Vn^n) + eXp (-(^^-^(AG - A^Xl)) • 

Proposition 3.3 of [1] yields that there is e' > such that 



(3.48) 



Po ( /„(P.(l/^^ n)) > I) < exp(-en'^"^'). (3.49) 



d+4 

Now (n'^^ > n, and by Lemma [2751 for any e 



d+4 \ (>.(d+2)(9c(d) ''^ 

Po I E ^'(^) ^ ^ exp(- ^- ). (3.50) 



The upper bound in (frT3l) follows from (l33H!), (13301) . and (ICTll . 



4 Lower Bounds. 



In realizing the lower bounds for Theorems 11. ![ 11.21 and 11. 3[ two strategies of the walk are 
distinguished: (i) the walk is localized a time T„ into a ball of radius with <^ T„, (ii) 
the walk roams freely. 

4.1 On localizing the walk 

We introduce two sequences {T„, r„, n G N}. We force the random walk to spend a time T„ 
in the ball centered at 0, of radius r„, that we denote -B(r„). 

If Tn = inf{n > : S{n) ^ i?(r„)}, it is well known that for some constant Cq 

Po(r„ > T„) > exp (-co^^^^) . (4.1) 

Once the walk is forced to stay inside -B(r„), we turn to estimating the cost of {Xn < —Xn}- 
We then choose {Tn, r„} so as to match the cost with (14. ip . 

First, we need some relation between being localized a time T„ in a ball i?(r„), and 
visiting enough sites of B{rn) a time of order T„/|i?(r„)|. We have shown in [3] Proposition 
1.4, that in = 3, for sequences {r^, T„} going to infinity with < KTn, for some constant 
K, there are positive constants 6o and eo, independent of r„, T„ such that, for n large enough 

Po(|{^: lTA^)>5oj^-y^}\>eo\B{r„)\^ > ^Po (r„ > T„) . (4.2) 



17 



Let Tin be the set of sites visited by the random walk before time n. The only fact used in 
proving (14.21) is an asymptotical bound on Po(|7?.„| < n/^) for a fixed large ^ and n going 
to infinity. Now, there is an obvious relation between \TZn\ and ||/n||g which reads as follows. 
For g > 1 



n 



WLWI 



< (4.3) 



iTZnlJ n 

Thus, from (14.31) and ^ Theorem 1.1, we have for ^'^^^ > /t(g, (i), and q < qdd) 



2 i_2, 



(4.4) 



Since qdd) = > 1, as soon as > 3, (14.41) is sufficient to obtain (14.21) by following the 
proof of [3], and we omit the details. We now focus on the following set of sites 

Note that 

eo|5(r„)| 2 

so that {/t„ > SoTj\B{rn)\} = Qn U {/t„ > 2T„/(eo|5(r„)|)}, and 

Po (l^nl > ||5(r„)|) > Po (|{^ : ItIz) > '^o^^ll > 6o|5(r„)|) . (4.6) 

Now, in the scenario we are adopting, it will be easy to estimate the contribution of sites of 
Qn, which is a random set. To use the notations of Proposition 12.31 we define for z G Z'^, 
ri") = ^z){l- Cz{ln{z))). We have, for 5 > small 



(4.7) 



When we integrate (14. 7p over the charges, we use that charges over disjoint regions are 
independent. Thus, we fix a realization of the walk, and 



Q ( ^i"^ > J > g ( 5^ ri") > (1 + 5)Xn\ Q ( ^i"^ ^ ) 



(4.8) 



We first deal with the charges in We show using (12. 6p that on i3„ = {H^nlh < XnU ^'}, 
for e' small, then 



(")a21 

(4.9) 



Thus, from (14.91) with n large, we have 



I^.Q(E^i"^^-^^") (4-10) 
From (14. 7p and (I4.10p . we obtain, when integrating only over the charges 

( E ^i"^ ^ A ^ -^Q ( E ^i"^ ^ (1 + • ^^-^^^ 

Thus, after integrating over the walk 

2P ( ^ > xj + Po (is;;) > p ( E ^i"^ > (1 + ^)^- J 

> P (\Qn\ > E ^i"^ ^ (1 + ^)^- ) 

\ 26e„ / 



(4.12) 



Assume for a moment that Po(i3^) were negligible. When integrating only over charges the 
last term of fl4.12p . we invoke Nagaev's Proposition 12.31 applied to {Yj"'\ z G Qn}- To 
simplify notations, we assume henceforth that Tn = n (though we can force the transient 
walk never to return to Qn after time T„, so that for 2; G ^„ we would have ln{z) = It„{^))- 
Now, when we fix a realization of the walk, we have easily from the equality (12.61) . for 
constants Xi Xi 

Xill{z) > i?Q[(rW)^] > 2{ll{z) - Uz)) and EqKY}-^)'] < xd'^z). (4.13) 

From Jensen's inequality, we have < xs^jK-z) with ^3 = Note that in order 

to have a non-zero lower bound for the variance of we impose 

5o^^^>2 so that MzeGn Eq[Y^]>2{11{z)-Uz))>11{z). (4.14) 

With the notations of Proposition [231 we have (using (I4.13p ) on {\Qn\ > ^\B{rn)\} 

ep^o 2 ^ 4x1 Tl . 8x3 

2 |S(r„)| -^"-5o6g|E(r„,)| - 5,el\B{r^)r ^^''"^ 

Also, antn = (1 + 5)xn, SO that (12. 3p holds if for some ej^ > 0, and n large enough 



(Tn<{l + S)xn, (1 + S)xnCl < 6^^^, and (1 + 5)x„ max Je (Fi"^ < ^^(^l (4-16) 

zeGn \ I J 

Using (14.151) . (I4.16P and (14.141) follow if, for some constant ci 

4Xi 

. 2 I D/" M ^ ^n < e^ciTn. (4.17) 
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When f l4.17p holds, and we can use Proposition 12.31 to obtain on {\Qn\ > ^\B{rn)\}, and for 
constants Ci, C2 

Q (E ^i"^ ^ (1 + ^)^") ^ (-^1^^)') ^ (-^2^^^!^) . (4.18) 
After integrating over the walk, recalling (14. 2p . (14. ip . (14.120 and (14. 6p . we have 
2p ( ^ yH > x„] > P ( > ||i?(r„)|, E n^"^ > (1 + '^)^n ) - Mis:) 



l-^i'^n)] Tn \ /wt \\2 ^ 2 -2e' 



>exp \^C2^^^ ''°^B(^gp J -Po(||/n||2 >a;„n 

(4.19) 

From inequality (14.190 . the difference between d = 3 and (i > 4 is obvious, when imposing a 
localisation of the walk. Indeed, matching the two costs in (14.191) . we find 

<\B{rn)\ ^ , . ^|^^ZS (4 20) 

Thus, combining (I4.19P with the choice of (14.200 . we obtain for a constant > 

P{Xn < -x„) > exp (^-c-xt'Tp^^ - Po(S:). (4.21) 

Corollary ED shows that Po(i3^,) < exp(-Q^^). Henceforth, we neglect Po(i3^). 

4.2 The case d = 3 and ao < -^n < 

In this section, we choose T„ = n, and |i?(r„)|^/'^ = r? Ix\, as suggested in (I4.20p . 

We start with < Ciej^rt^l"^ . In this case, Xn = ^n'n^^^- The discussion of the previous 
section applies here. Note that sites of Qn are visited about ^n^^-times each. Conditions (14.171) 
are satisfied, and the discussion following it holds. The bound (14.210 provides the desired 
lower bound. 

Now, we deal with Xn = ^n, with 1 > > Cie_^. The second inequality in (14.170 fails, and 
Nagaev's lower bound cannot be applied. We choose 6 > small enough so that ^(1+5)^ < 1, 
and we consider the event A = {Wz G B{rn), (1 — Cz) > ^(1 + S)'^} H {r„ > n}. Note that 



However, there might be some sites of -B(r„) that the walk visits once, and if r] G { — 1,1}, 
we will have on this sites that Cz{in{z)) = 0. We will restrict to sites of B{rn) visited often. 
Note that, for a{S,) > 0, 



hm Q {1-Czin) > + = hm Q ( I ^J2vzi^)] 

n^oo ^ ' n->oo I \ y/n I 



2 

2 
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Thus, there is ni (depending on ^ and S) such that for n > rii 



Now, with rii fixed, we define a set 

g^ = {z E B{rn) : ln{z) > Ui} . 
On the event {r„ > n}, we have for n large enough (using that |i?(r„)| ^ n) 

Ti 

UQn) < \B{rn)\ni ^ IniGn) > n - |5(rO|ni > — — . 

1 + 

Thus, 

AgIJ2 - U^niz)) > UGnm + = e(l + S)n 

Using (14.121) (with S occurring in (14.121) ). we have 



)>(^)|i^K)lxPo(r„>n) 



>(^2i)i-i-n;i X exp -Co 



(4.22) 



|5(r„)|2/'^ 



Since 1 > ^ > Cie_v, the power of ^ appearing in (14.221) is irrelevant. We only need to check 
that the speed exponent is correct in (I4.22p 

4.3 The case d > 4 and <C ^„ < ^ 

Here Xn = C,n- Assume that we localize the walk a time T„ inside B{rn)- We make use of 
Section WA\ until the point where we assumed Tn = n (that is a paragraph before (I4.13P ). 
If we were allowed to identify the two costs in (14.190 . we would find here T„ = x„ = ^n, 
and \B(rn)\ = with Q = Note that in dimension 4 or larger, with T„ of order 
we are not entitled to use Nagaev's lower bound. On the other hand, |-B(r„)| = is the 
expected speed, so that constraining the local charges on Qn would yield the correct cost. 
We observe that we are entitled to use the CLT for Cz{in{z)), for each sites in Qn, since 
ln{z) > It„{.z) > Cn"^''- With the notation Z for a standard gaussian variable, and n large 
enough, we have for z E Qn, and uniformely over ln{z) 

«o := Ip{Z' <l)< Q{Uln{z)) < \). 

With the choice T„ = j-^n (note that Tn <^ n for n large), recalling the definition of Qn in 
(14. sp . and using that Iniz) > ^r„(^) 

^Y,>\\gn\Tn = {l + 5)in) . 

.zeQn 



G <3nXz{ln{z)) < ^1 n > ||S(r„)|} C 
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Thus, using (jHS]) 



2P J] > a + Po > a'^^'^-^l X Po (r„ > > exp (-c, e^^) . (4.23) 



4.4 The case (i > 4 and = 

We assume that ^ < 1, for 5' > so small that (1 + 6')C, < 1, we choose T„ = (1 + S')^n 
and |-B(r„)| = (^n)'^/^'^"'"^^ We force the local charges to realize I — Czilniz)) > 1 ~ ^ for 5' 
arbitrarily small. Note that for ai > 0, 



Now, using ni, we define a set 

g^ = {z E B{rn) : ln{z) > Ui} . 
On the event {r„ > (1 + (5')^n}, we have for n large enough (using that |-B(r„)| <^ n) 




Thus, there is n\ (depending on ^ and 5') such that for n > rii 




(4.24) 



Lm < \B{rn)\n, 



UGn) > (1 + 5')^n - |5(r„)|ni > (1 + 5'){1 



4 



)<• 



We use flT2D for C(/n(^)), with ;z G Thus, on {r„ > (1 + 5')^n}, 



{\fz 



e 6?., UUz)) < 5'} c i 5^ > (1 - ^)/.(e;.) > (1 + (5')(l 




Now, we choose 6' so small that (1 + (5')(1 



j)^ > 1 + (5, for (5 occurrini 



■g 



in flCTj) . Thus, 



using fl4:T2|) 




(4.25) 



> exp(-c^ iCn)''+^). 



This yields the desired bound. 
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4.5 The case (i > 4 and n^/^ <C <t„ <C n(^+2)/(d+4)^ 

The strategy in this region (region I of [4J) consists in letting the walk roam freely, while the 
local charges perform a moderate deviations. Note that our scenery depends on the local 
times, and on sites visited only once by the walk, may vanish by (12. 6p . as in the model 
where i] G {—1, 1}. Thus, we only consider sites where {z : /„(-2) = 2}, since |(?7i +^72)^ — 1 is 
not degenerate. Also, a transient random walk has enough sites of this type. Indeed, Becker 
and Konig in f5] have shown that, in c? > 3 with T>n{k) = {z : ln{z) = k} for integer k, we 
have 

lim = 7^(1 - 7o)'-\ where 70 = Po(5(A;) ^ 0, VA; > 0). (4.26) 

n— ►oo n 

We choose a scenario based only on P„(2). Note that for n large enough, the fact that 
|P„(2)| < n, and Km imply that 

K.2n , ^ E [\V^i2)\] /|P„(2)| ^ 1 \ , 1. 



Thus, 

Po (^^^^ > 7iJ > 71 with 71 = ^7o'(l - 7o). (4.27) 
Now, we consider the following decomposition, for 5 > small (recall that here Xn = y/n C,n 

(4.28) 

We treat the second event on the right hand side of fl4.28p as in Section I4.lt we restrict to 
Bn (where PiB"^) is negligible by Corollary 12. 9p . and we use Markov's inequality. 

Now, fixing a realization of the walk, {Yz, z G P„(2)} are centered i.i.d with E[Yz] = 
2{EQ[ri'^] + 1), and on {|r'„(2)| > 7in}, then {X]i?„(2) > (1 + ^)\/^ ^n} is a moderate 
deviations. Thus, there is a constant c, such that on the event {|P„(2)| > '~fin}, and for n 
large 



2-70(1 - 70) < ^' < Po ( > ^7o(l - 70) 1 + ^7o(l - 70). 



Q ( 5^ > (1 + 5)v^ > cexp ( - 



> cexp 

After integrating (14.291) the walk's law, we have 



2\V^{2)\{Eq[7^^] + 1] 
27i(i?Q[r/1 + i; 



(4.29) 



P (^1^n{2)\ > 7in, E ^ (1 + ^)v^ j ^ (~ 27i(EQ[r^T+l) ^") ' ^^'^^^ 
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5 Proof of Proposition 11.7 



Large /3 First, Hn > —n implies the upper bound in ( ll.lSp . The lower bound in ( ll.lSp 
follows from the lower bound in (11.91) with ^„ = ^n^^^, and the following inequalities: for 

>exp (n3/5(/5^-c3^^/^)) . 

For any fixed ^ < 1, we choose (3 large enough so that the lower bound in fll.lSp holds. 
Now, define 

^3/5 



(5.1) 



2 



An{a) = l\{z eZ" : — < ln{z) < an-^}\ > 



Using the estimates of Section I3.1.2[ we have for x > 



E 



(5.2) 



Choosing a large enough so that 2(3 < X'^^'^ ■, ^-^id using the lower bound in (15.11) . we obtain 



Small /5. First, we decompose the partition function over the three regimes for — the 
moderate deviation, the large deviation and intermediate regimes. Thus, 



(5.3) 



with for e small 



zm = E 



exp ( — /? 



zim = E 



exp —(3 



2/5 



n 



and Zju{(3) correponds to the remaining regimes. 

We first deal with Zj{(3) and rely on Chen's result (11.21) . We note that from Chen's proof, 
his asymptotic result of (ll.2p is actually uniform in the sequence in the sense that there 
is a sequence going to 0, such that for any ^„ e [n^, we have 



P( 



n 



>a) = exp(-^(l + 5„ 



(5.4) 



We have 



Zi{f3) =exp(/3ni/i°+^) +/5 



,4/15- 



„l/10+f 



n 



-Hn 

2/5 



> u \ du 



:exp(/3n^/i°+^) +/?ni/^° 



,1/6-. 



u 



exp /?n^/^% (1 + 5n) du 

2Cd 



(5.5) 
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Now, the aymptotic behaviour is found as we maximize jSn^^^^u — which is Cd/?^n^/^/2. 
In other words, it is a simple computation that we omit, which yields for any /? > 0, 



n— >oo n 2 



(5.6) 



We deal now with Zjj, which corresponds to regime studied in Theorem ll.li We will show 
that for (3 small, Zjj{/3) < exp{en^^^), for e small. Note that 



log2{n^/^) 



fc=o \ n J 

In view of f l5.7p . it is enough to show that for n^/^ > ■Cn > ■n.^/^^"'"'^, we have 

From fll.yp . we have in this regime 

P{-H^ > inn"') < exp (-4 {inn"'-"'f\''') , 



(5.7) 



(5. 



(5.9) 



and (15. 8p requires that 



(5.10) 



Since < n^/^, (|510|) holds ii [3 < c+/2. 
Finally, we deal with Zm. 



Zni <exp +exp(/?n2/3-2/5+^)P(-i7„ > n"^- 



< exp (/?n^/^°+') + exp 



n 



l/3-e 



4q 



4/15+e 



(5.11) 



Zui is negligible when e is such that ^ + 3e < |. 

We finally show (11.210 . We choose p > 1 such that pP < Pi, and use Holder's inequality 



E 



e I 



{/„(^)>6ni/5}^0 



< E 



i/p 



{P{3z, Uz)>bn'/')f' {q 



P 



p — 1 



^^Cf3^ny^ (nPo(/n(0) > bn'/"^)) 
<ni/«exp ({C(3^-^)n' 



1/? 



/5 



(5.12) 



As we choose b large enough in fl5.12p . we obtain fll.2ip . 
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